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Non-Parametrically from Observations: Application to Supernova Remnants
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We have developed an inversion method for determination of the characteristics of the acceleration
mechanism directly and non-parametrically from observations, in contrast to the usual forward
fitting of parametric model variables to observations. In two recent papers [1, 2], we demonstrate
the efficacy of this inversion method by its application to acceleration of electrons in solar flares
based on stochastic acceleration by turbulence. Here we explore its application for determining the
characteristics of shock acceleration in supernova remnants (SNRs) based on the electron spectra
deduced from the observed nonthermal radiation from SNRs and the spectrum of the cosmic ray
electrons observed near the Earth. These spectra are related by the process of escape of the electrons
from SNRs and energy loss during their transport in the galaxy. Thus, these observations allow us to
determine spectral characteristics of the momentum and pitch angle diffusion coefficients, which play
crucial roles in both direct acceleration by turbulence and in high Mach number shocks. Assuming
that the average electron spectrum deduced from a few well known SNRs is representative of those
in the solar neighborhood we find interesting discrepancies between our deduced forms for these
coefficients and those expected from well known wave-particle interactions. This may indicate that
the standard assumptions made in treatment of shock acceleration need revision. In particular, the
escape of particles from SNRs may be more complex than generally assumed.
PACS numbers: 96.50.sb, 13.85.Tp, 98.38.Mz, 95.30.Qd, 52.35.Ra, 52.35.Tc
I. INTRODUCTION
Acceleration of charge particles in the universe hap-
pens on scales from planetary magnetospheres to clus-
ters of galaxies and at energies ranging from nonrela-
tivistic values to >1019 eV ultra high energy cosmic rays
(UHECRs). The particles are observed directly as cos-
mic rays (CRs), solar energetic particles, or indirectly
by their interactions with background matter and elec-
tromagnetic fields (magnetic fields and photons), which
give rise to heating and ionization of the plasma, and non-
thermal radiation extending from long wavelength radio
to >TeV gamma-rays. In spite of more than a century
of observations, the exact mechanism of acceleration is
still being debated and the detailed model parameters are
poorly constrained. Clearly electric fields are involved in
any acceleration mechanism. Large scale electric fields
have been found to be important in some unusual astro-
physical sources such as magnetospheres of neutron stars
(pulsars and perhaps magnetars) and in so-called double-
layers. However, here we are interested in commonly con-
sidered mechanisms based on the original Fermi process
[3], which involves scattering of particles by fluctuating
electric and magnetic fields (or plasma turbulence) or
converging flows as in shocks.
The usual approach of determining the acceleration
model and its characteristics is to use the forward fitting
(FF) method, whereby the model particle spectra based
on an assumed mechanism and some parametric form of
∗Electronic address: vahep@stanford.edu
its characteristics are fitted to observations. For radiat-
ing sources, FF is carried out in two stages, first fitting
the photon spectra to an assumed radiation mechanism
from a parametrized particle spectrum, then fitting the
latter to the acceleration model. This approach, even
though one can never be certain of the uniqueness of the
results, has been fairly successful, and for some observa-
tions, e.g., those with poorly determined spatially unre-
solved spectra, is the best one can do. But in sources
with richer observations one can do better.
In this paper we present a new approach which al-
lows a non-parametric determination of acceleration pa-
rameters, mainly their energy dependence, irrespective
of some of the details of the acceleration mechanism, di-
rectly from the observed radiation or otherwise deduced
particle spectra. This is done by the inversion of the ki-
netic differential equations describing the particle accel-
eration and transport. In our first paper on this subject
[1], we applied this technique to inversion of hard X-
ray images of solar flares from the Reuven Ramaty High
Energy Solar Spectroscopic Imager (RHESSI) and deter-
mined the energy dependence of the escape time from the
acceleration region and from it the energy dependence of
the rate of scattering of the particles, presumably due
to plasma turbulence, which is related to the pitch an-
gle diffusion coefficient Dµµ, where µ is the cosine of the
pitch angle. In a more recent paper [2], we have shown
that from the same data we can also determine the en-
ergy diffusion coefficient DEE, which is related to the
momentum diffusion coefficient Dpp. In both papers we
formulated this in the framework of stochastic accelera-
tion (SA) by plasma waves or turbulence, which is same
as the original Fermi process, nowadays referred to as
2second-order Fermi acceleration process. Here we extend
this approach to simultaneous determination of the scat-
tering and acceleration rates, which depend primarily on
Dµµ and Dpp, to situations where both SA by turbulence
and acceleration by a shock play important roles. As in
previous papers we carry this out in the framework of
the so called leaky box model. In the next section we
present the kinetic equation describing both acceleration
processes, and in §III we describe the process of the in-
version and the required data for it. In §IV we describe
possible application of this method to the acceleration of
electrons in supernova remnants (SNRs). Interpretation
and discussions of the results are shown in §V and a brief
summary is presented in §VI.
II. KINETIC EQUATIONS AND THE LEAKY
BOX MODEL
The discussion below is a brief summary of this sub-
ject given in a recent review by [4] describing the con-
ditions under which the so-called leaky-box model is a
good approximation. As emphasized in this review, and
recognized by the community at large, it is clear now that
plasma waves or turbulence play an essential role in the
acceleration of charged particles in a variety of magne-
tized astrophysical and space environments. Turbulence
is expected to be produced by large scale flows in most
astrophysical situations because of the prevailing large
Reynolds numbers. Once generated on a scale L compa-
rable to the size of the source it undergoes dissipation-
less cascade from large to small spatial scales, or from
small wave numbers kmin ∼ 2π/L up to the dissipation
scale given by kmax, generally with a power law energy
density distribution W (k) ∝ k−q. Resonant interactions
between particles and small amplitude electromagnetic
fluctuations of turbulence cause diffusion of particles in
the phase space. For magnetized plasmas this process can
be described by the Fokker-Planck (FP) kinetic equation
for gyro-phase averaged, four dimensional (4-D) particle
distribution function f(t, µ, p, s), where s is the distance
along the magnetic field lines. This equation involves, in
addition to Dµµ and Dpp, a third coefficientDµp = Dpµ,
1
as well as a source term S˙(t, µ, p, s) and energy losses or
gains due to interactions of particles with background
plasma (with density n, temperature T , magnetic field
B and soft photon energy density uph). These interac-
tions cause stochastic acceleration, e.g., [5, 6], in which
particles systematically gain energy with a rate that is
proportional to the square of the wave-to-particle veloc-
ity ratio as in the second-order Fermi process.
1 All three coefficients depend on p and µ and are ∝ Ωfturb, where
Ω is the particle gyro frequency and fturb = (δB/B)
2 is the ratio
of the turbulent to total magnetic field energy densities (see e.g.
[7].
Also shown in [6], the 4-D differential equation can
be reduced to a 3-D equation, when the scattering time
τsc ∼ 1/Dµµ is shorter than the dynamic time τdyn
and the crossing time τcross ∼ L/v.2 Then the mo-
mentum distribution is nearly isotropic and one can de-
fine the pitch angle averaged quantities, F (t, p, s) =
1
2
∫ +1
−1
f(t, µ, p, s)dµ and S˙(t, p, s) = 12
∫ +1
−1
S˙(t, µ, p, s)dµ,
and use three pitch angle-averaged transport coefficients
κss = (v/2)
2〈(1− µ2)2/Dµµ〉 , (1)
κsp = v/(2p)〈(1− µ2)Dµp/Dµµ〉 , (2)
κpp = 〈Dpp−D2µp/Dµµ〉/p2 . (3)
(see [4]) to describe spatial and momentum diffusion
rates. [6] and others, in most subsequent applications of
this equation, were interested in acceleration by Alfve´n
waves (with velocity vA), in which case the diffusion co-
efficients are related as Dµµ : Dµp/p : Dpp/p
2 = 1 :
(vA/v) : (vA/v)
2. Limiting their analysis to low magne-
tization and high energy particles, i.e. for vA/v ≪ 1 they
used the inequities Dµµ ≫ Dµp/p ≫ Dpp/p2 to obtain
the simplified equation. However, as was pointed out by
[7], at low energies and for strong magnetic fields, other
plasma waves become more important than the Alfve´n
waves and these inequalities are no longer valid, e.g., [8].
[7] suggested another approximation for the FP equa-
tion for the opposite limit, Dpp/p
2 ≫ Dµp/p ≫ Dµµ,
in which case the momentum diffusion is the dominant
term. These ideas were further developed by [9] and sum-
marized in [4]. It turns out that if again τsc ≪ τcross and
τdyn, then this situation can be described by the same 3-
D equation with slightly different coefficients. (The proof
of this assertion will be presented elsewhere.)
Finally a second simplification can be used for both
cases if the acceleration region is homogeneous, or if
one deals with a spatially unresolved acceleration re-
gion where one is interested in spatially integrated
equations. In this case it is convenient to define
the 2-D distribution function in terms of the parti-
cle energy E, N(t, E)dE =
∫
dV [4πp2F (t, s, p)dp] and
Q˙inj(t, E)dE =
∫
dV [4πp2S˙(t, s, p)dp], introduce spa-
tially averaged terms X¯ =
∫
X(s)F (s)ds/
∫
F (s)ds and
replace the spatial diffusion term by an escape term.
Then we obtain the following well known equation, some-
times referred to as the leaky box model,
∂N
∂t
=
∂
∂E
[
DEE
∂N
∂E
]
− ∂
∂E
[
(A(E)− E˙L)N
]
− N
Tesc
+ Q˙inj , (4)
2 Note that here v is the particle velocity and in what follows the
size L refers to the length of the bundle of magnetic lines the
particles are tied to. For chaotic fields this could be much larger
than the physical size of the turbulent acceleration region.
3where DEE = v
2p2κ¯pp, A(E) and E˙L are the direct
acceleration and energy loss rates, and Q˙inj(t, E) and
N(t, E)/Tesc represent the rates of injection and escape
of particles in and out of the whole acceleration site.3 For
purely SA, the direct acceleration rate4
ASA(E) = 2ξ¯DEE/E = 2ξ
′Eκ¯pp, (5)
where
ξ¯ =
γ2 − 0.5
γ2 + γ
and ξ′ =
(γ + 1)(2γ2 − 1)
2γ3
. (6)
The term ξ′ is nearly equal to 1 at all γ (it has a maximum
of ∼1.3 for γ ∼ 1.8).5
Because the acceleration rate in stochastic acceleration
is proportional to the square of the velocity ratio vA/v,
it is often regarded to be too slow to account for produc-
tion of high-energy particles, especially in comparison to
acceleration in a shock (or a converging flow in general).
For a shock with velocity ush, a particle of velocity v
upon crossing it gains momentum linearly with velocity;
δp = p(ush/v), and therefore this often is referred to as
a first-order Fermi process. There are several misconcep-
tions associated with the above statement. The first is
that the diffusion coefficients, in general, increase with
decreasing particle energy so that SA can be very effi-
cient in the acceleration of low energy particles in the
background plasma, which is where all acceleration pro-
cesses must start [8, 12]. The second is that shock ac-
celeration is not related to the original first-order Fermi
process [13], and the third is that shock acceleration rate
is also second order.
In an unmagnetized shock, or in a shock with magnetic
field parallel to the shock velocity, acceleration requires
an scattering agent to recycle particles repeatedly across
the shock. Turbulence is the most likely agent for this.
The acceleration rate then is δp/δt, where the recycling
time δt ∼ κ¯ss/(vush) [14–17]. Thus, the shock accelera-
tion rate, A
‖
sh ∝ Eu2sh/κ¯ss ∝ E(ush/v)2〈(1− µ2)2/Dµµ〉,
is also a second order mechanism. As shown by [18], for
oblique shocks (θ > 0) the acceleration rate also varies as
the square of shock velocity, but in this case, specifically
3 This clearly is an approximation with the primary assumption
being that the transport coefficients have a slow spatial variation.
See [4] for details.
4 In another, more standard form of the kinetic equation [10], the
first three terms for stochastic acceleration (without E˙L) are
written as ∂N
∂t
=
∂2(DEEN)
∂E2
−
∂(A˜N)
∂E
, where A˜(E) = DEE
E
ξ +
dDEE
dE
gives the direct energy gain rate. Defining the total en-
ergy of the accelerated particles as E(t) =
∫
∞
0
EN(E, t)dE, it is
straightforward to show that integration of the above equation
over energy gives dE
dt
=
∫
∞
0
A˜(E)NdE [11], showing that A˜(E)
provides a more accurate representation of the direct energy gain
rate than A(E). In what follows we use the form given in Eq.
(4) which is more convenient for the inversion procedure.
5 Here ξ¯ = ξ/2, where ξ is used in [4] and our earlier papers.
for a perpendicular shock (θ = π/2) the rate could be
much higher. In general then, as emphasized in [4], in
both SA by turbulence and shock acceleration the rates
are proportional to the square of the velocity ratios ush/v
and vA/v, respectively, so that the distinction between
them is greatly blurred. In either process, resonant scat-
tering by turbulence provides rapid isotropization of the
particle pitch angle distribution, a necessary prerequisite
for efficient acceleration, e.g., [19].
More exactly, in the framework of the leaky box model,
the shock acceleration rate can be written as
Ash = E
(
1 +
1
γ
)(
u2sh
κ¯ss
)
ζf(θ, η), (7)
where we have introduced the parameter ζ = (r−1)/(3r)
with r the compression ratio and f(θ, η) which is a some-
what complicated function of the angle and the ratio of
the diffusion coefficients parallel to perpendicular to the
magnetic field η = k‖/k⊥; [17, 18, 20]. For a parallel
shock f = 1 and κ¯ss = κ1 + rκ2, where subscript 1
and 2 refer to upstream and downstream region of the
shock, respectively. The usual practice is to assume the
Bohm limit; κ ∝ vrg/3, where rg = v/Ω is the gyro
radius. In what follows we will use a more accurate rela-
tion for κ¯ss obtained from wave particle interactions, as
those shown in Figure (1). For a perpendicular shock
the relation again is simple and from [18] we obtain
κ¯ss/f(π/2, η) = 2ηκss/(1 + η
2) ∼ 2κss/η (for η ≫ 1),
which amounts to setting f(θ = π/2, η) = η.
In applications to astrophysical sources we will be deal-
ing with the scattering and stochastic acceleration times
defined as as
τsc (E) = 3
κ¯ss
v2
=
3
4
〈(1 − µ2)2/D¯µµ〉, (8)
τac (E) = κ¯
−1
pp =
p2
〈D¯pp − D¯2pµ/D¯µµ〉
, (9)
Using these in Eqs. (5) and (7) we can write shock to SA
acceleration rate ratio as
Ash
ASA
= 2
(ush
v
)2(τac
τsc
)
ζξ′′f, (10)
where ξ′′ = γ2/(γ2 − 0.5). For parallel shocks (f = 1)
this ratio becomes Ash/ASA ∼ (τac /τsc ))(ush/v)2. As
pointed out above (and in [7]), at low energies and for
strong magnetic fields, τac /τsc < 1 indicating the dom-
inance of SA. But for high energies and Alfve´nic tur-
bulence τac /τsc ∼ (v/vA)2 and Ash/ASA ∼ M2A, where
MA = ush/vA is the Alfve´n Mach number, so shock ac-
celeration dominates at high energies and weakly mag-
netized plasmas. Figure 1 shows a comparison between
the SA timescale τac as defined in Eq. (9) and shock
acceleration time τac,sh = E/Ash ∼ (v/ush)2τsc , based
on rates obtained for interactions of electrons with par-
allel propagating plasma waves [7], for two values of the
spectral index q of the turbulence energy density and two
4degrees of magnetization described by the plasma param-
eter α = 3.2 × 103
√
n/cm−3(µG/B), which is equal to
the ratio of the electron plasma to gyro frequencies. As
evident at low energies and small values of α (strong mag-
netization) SA is the dominant mechanism. For oblique
shocks the shock rate will be in general higher by some
factor which depends on the angle θ; e.g. for a high Mach
number (r = 4, ζ = 1/4) perpendicular (θ = π/2) shock
this factor will be ∼ η/2.
FIG. 1: Comparison of the SA time (denote here as τac)
calculated using Eq. (9) and shock acceleration time (de-
noted here as τsh ≡ E/Ash) for interactions of electrons with
parallel propagating plasma waves with power law spectral
distribution for two indicies q = 5/3 (Kolmogorov) and 3.
Here α = 3.2 × 103
√
n/cm−3(µG/B), the ratio of the elec-
tron plasma to gyro frequencies, is a measure of the degree of
magnetization, and τ−1p ∝ Ωfturb is the characteristic rate for
wave-particle interactions. (See more details in [7, 9].) Note
that for highly magnetized plasma (α = 1.0), SA is the domi-
nant mechanism at some energies, and even for a plasma with
lower magnetization, SA cannot be ignored. The shock veloc-
ity is taken to be ush = 10
4 km/s compared to the Alfve´n
velocity vA = c/[(mp/me)
1/2α] ∼ 7000 and 700 km/s, result-
ing in M2A = 2 and 200, respectively. The proportionality
constants ζ and f are set to unity. Note that the q = 5/3
solid curves are multiplied by 100 for clarity.
In [4] it was suggested that in presence of a shock the
acceleration may be a hybrid process dominated by SA at
low energies and shock at high energies. In what follows
we will consider the combined processes, which depend on
wave-particle interactions, shock compression ratio and
background plasma parameters.
For a solution of the differential Eq. (4) we also need
the energy dependence of the other terms. For the in-
jected spectrum Q˙inj(E) we will consider a Maxwellian
distribution at a given temperature kT ≪ mec2, and
for the energy loss we include ionization and Coulomb
losses that dominate at low energies (and depend on
background density n and ionic composition), and syn-
chrotron and inverse Compton losses that dominate at
high energies (and depend on the background magnetic
field and photon energy densities). Coulomb interactions
can also cause energy and pitch angle diffusion which be-
come important at low energies, e.g., [21, 22].
As we will see below the last term, namely the es-
cape time, is the term that can be obtained most read-
ily from observations, which then allows determination
of the other terms. However, the relation of the escape
time to the coefficients of the acceleration mechanism is
complicated. As shown in [4], it is related to an inte-
gral of spatial diffusion term κss over the acceleration
site. Thus, it also depends on the size L of this site or
crossing time τcross = L/v. For the isotropic case with
τsc ≪ τcross , one expect the diffusion of the particles
across the source to follow a random walk process, which
means we can write Tesc ∼ τ2cross/τsc . In the opposite
limit, τcross ≪ τsc , the escape time Tesc ∼ τcross . Com-
bining these two cases in the past we ([9]) have used the
approximate expression
Tesc = τcross (1 + τcross /τsc ). (11)
However, other geometric effects such as those produced
by the large scale magnetic fields e.g. chaotic field lines,
or strongly converging or diverging field configurations
(see [2]), or deviation from isotropy or a simple spherical
homogeneous acceleration site, can make the relation be-
tween Tesc and other acceleration coefficients more com-
plex.
III. THE INVERSION PROCESS
A. The Knowns and Unknowns
Solution of Eq. (4) requires knowledge of energy and
time dependences of the five coefficients involved in the
terms on the right side. In situations where there ex-
ist time resolved observations one needs to solve for the
time dependence of the accelerated spectrum. However,
if the dynamic time τdyn describing the evolution is longer
than the characteristic timescales associated with these
coefficients (such as τsc , τcross and τac or energy diffu-
sion time τdiff ∼ E2/DEE), then one can use the steady
state assumption and set ∂N∂t = 0 and modulate the re-
sults with the time profile of the dynamic process. This
was the case in our application of the inversion method
to solar flares. In the opposite situation of short dy-
namic time, and in the absence of temporally resolved
observations, one can integrate Eq. (4) over the dynamic
time in which case
∫∞
0
∂N
∂t dt = 0, because we expect
N(t = ∞, E) = N(t = 0, E) = 0 for high energy par-
ticles. In this case one is dealing with the values of the
coefficients averaged over duration ∆t of the process; e.g
5average injected spectrum ˙¯Q(E) =
∫
∆t Q˙(t, E)dt/∆t.
6
As discussed below this will be the case for the appli-
cation to SNRs and cosmic ray electrons (CRes). Thus,
we need to consider only the energy dependence of the
coefficients.
Two of these, namely E˙L and Q˙inj, depend on back-
ground plasma parameters n, T,B and uph, and are inde-
pendent of the acceleration process. We will assume that
we have sufficient information on the background plasma
so that we know the values and energy dependences of
these two terms. The other three are related to the char-
acteristics of the acceleration mechanism that we want
to determine. One of these is the energy diffusion coeffi-
cient DEE (related to Dpp). The escape time depends on
the size L of the source and on the spatial diffusion rate
(related Dµµ). The final term, namely the direct accel-
eration rate has contribution from turbulence, which is
related to DEE, and from shocks, which is related to Dµµ
and the characteristics of the shocks described above. As-
suming that we know the value of the latter and the size
L of the acceleration site, we are left with two primary
unknowns Dµµ and Dpp, or in terms of more directly un-
knowns DEE and Tesc. Therefore, in order to determine
the energy dependences of these two coefficients, we need
the variation with energy of two independent observed
quantities, as described next.
B. Escape Time
As described in [1], one of the two functions that ob-
servations can provide is the (spatially integrated) en-
ergy spectrum of the accelerated particles N(E), which
can be deduced from the observed total photon spectrum
I(ǫ) produced in the acceleration region.7 If the escape
time is finite then the rate of particles escaping will be
Q˙esc = N/Tesc. If this spectrum is measured directly, we
then can obtain the escape time simply as
Tesc(E) = N(E)/Q˙esc(E). (12)
If we assume that Eq. (11) is an accurate description of
how particles escape, we can then obtain also the scat-
tering time
τsc =
τ2cross
N(E)/Q˙esc(E)− τcross
. (13)
This will then give a measure of the pitch angle diffu-
sion coefficients Dµµ and as shown by Eqs.(7) and (9), it
will also give the acceleration rate by the shock Ash(E),
assuming we know ζ.
6 For the sake of simplicity we shall not use the superscript bar in
what follows.
7 I(ǫ) ∝
∫
dEσ(E, ǫ)vN(E), where σ(E, ǫ) stands for the radiative
cross section.
C. Energy Diffusion and Acceleration Rates
Given the above information we are left with only two
related unknowns, namely the energy diffusion coefficient
DEE or the direct SA rate ASA = 2ξ¯DEE/E. This final
unknown can be obtained using our knowledge of the
accelerated particle spectra N(E) and the escape time
Tesc(E) by the inversion of the leaky box Eq. (4) as
follows.
The key aspect here is to recognize that this ordinary
differential equation is only first-order in the derivative
of DEE with respect to E, instead of second-order that
appears to be the case in its alternate form. Thus, by
utilizing the relation between ASA and DEE in Eq. (5)
we can rewrite the steady state leaky box equation as
d
dE
[
DEE
N
E
(
d lnN
d lnE
− ξ
)]
+
d
dE
[
(E˙L −Ash)N
]
=
N
Tesc
− Q˙inj, (14)
Integrating this from E to ∞ gives
DEE = E
[
E˙L −Ash + 1
N
∫ ∞
E
(
N
Tesc
− Q˙inj
)
dE
]
×
(
2ξ¯ − d lnN
d lnE
)−1
, (15)
from which we obtain ASA = 2ξ¯DEE/E. Thus, all the
terms on the right-hand side can in principle be obtained
directly from observables.
Note that for the time integrated equation un-
der consideration here we must have the equality∫∞
0
Q˙inj(E)dE =
∫∞
0
N(E)/Tesc(E)dE. But for relevant
energies of E ≫ kT only a number of particles in the
Maxwellian tail contribute and Q˙inj ≪ N(E)/Tesc(E).
If this were not true there would be very few particles
accelerated and the case is uninteresting. Thus, in what
follows we can neglect the injection term. However, given
the temperature of the background particles this term
can be easily calculated and included in the results.
Finally we define an effective acceleration rate as
Aeff ≡ Ash +ASAηacc = E˙L + 1
N
∫ ∞
E
N
Tesc
dE, (16)
where ηacc ≡ 1 + δacc/(2ξ¯), and we have introduced
the spectral index of the accelerated particles δacc =
−d lnN/d lnE. At relativistic energies ξ¯ → 1 and, as
we will see below, typically δacc ∼ 2, so this rate is sum
of the shock and (about two times) SA rates.
D. Escaping Particles
Escaping particle are measured directly or by the de-
tection of the radiation they produce outside the ac-
celeration site, which we will call the transport region,
6where their spectrum is modified due to transport ef-
fects.8 These effects can be treated by a similar kinetic
equation without the diffusion and acceleration terms. If
the particles are injected into a finite region and if one
can neglect further acceleration and assume that pitch
angle scattering quickly isotropizes the particle distribu-
tion, then the evolution of particles in the transport re-
gion can be described by the leaky box Eq. (4) which
now has only the energy loss and escape terms. Instead
of a thermal background source term, the spectrum of
particles injected in the transport region is same as those
escaping the acceleration site;
Q˙trinj(E) = Q˙esc(E) =
Nacc(E)
T accesc (E)
. (17)
In application to the transport of the CRs in the galaxy
we are dealing with a long dynamic time so that we can
use the steady state equation, which has the formal solu-
tion giving the effective spectrum of particles integrated
over the transport region [23],
Neff(E) =
τ trL (E)
E
∫ ∞
E
dE′ Q˙trinj(E
′)
× exp
[
−
∫ E′
E
dE′′
E′′
τ trL (E
′′)
T tresc(E
′′)
]
, (18)
where we have defined the energy loss time τ trL ≡ E/E˙trL .
Of special importance, in general and in particular for
the applications described below, is the case when the
particles escaping the acceleration site lose all their en-
ergy in the transport region. This is referred to as the
thick target or totally cooled spectral model, where one
sets T tresc =∞ and get a simpler integral solution
Neff(E) =
τ trL
E
∫ ∞
E
dE′Q˙trinj(E
′)
=
τ trL
E
∫ ∞
E
dE′
Nacc(E
′)
T accesc (E
′)
. (19)
First, differentiating this equation we derive the desired
expression for the escape time as
T accesc (E) = τ
tr
L
[
Nacc
Neff
]
η−1eff , (20)
where ηeff ≡ δeff + d ln τ
tr
L
d lnE − 1, and we have defined the
spectral index δeff = −d lnNeff/d lnE. Second, we note
that this last integrand is identical to the third term in-
side the square brackets on the right-hand side of Eq.
(15), so that with the help of this equation we can derive
a new simpler relation for the energy diffusion rate as
DEE = E
2
(
1
τaccL
− Ash
E
+
Neff
τ trL Nacc
)
(2ξ¯ + δacc)
−1, (21)
8 For clarity in what follows the quantities in the transport region
is identified by the superscript “tr” and those in the acceleration
site by sub- or super-scripts “acc”.
where τaccL ≡ E/E˙L is the energy loss time scale aver-
aged over the acceleration region. Finally, we define the
effective acceleration time (a combination of shock and
SA times)
τac,eff(E) ≡ E
Aeff
=
[
1
τaccL
+
1
τ trL
Neff
Nacc
]−1
=
[
1
τaccL
+
1
ηeffTesc
]−1
. (22)
For pure shock acceleration, the acceleration time
τac,sh = τac,eff and for pure SA, the time τac,SA =
τac,effηacc. Note that while the escape time depends on
only the ratio of effective to acceleration spectra, the ac-
celeration times involve both this ratio and the energy
loss time in the acceleration site.
In the opposite limit when particles lose very little of
their energy in the transport region, i.e. when T tresc ≪ τ trL ,
which is called the thin target model, Eq. (18) simplifies
even further to
Neff(E) = T
tr
esc(E)Q˙
tr
inj(E) =
T tresc(E)
T accesc (E)
Nacc(E), (23)
from which we get
T accesc (E) = T
tr
esc(E)[Nacc/Neff ]. (24)
For the diffusion coefficient in this case we have to replace
the last term inside the first pairs of parenthesis on the
right-hand side of Eq. (21) by
∫∞
E (Neff/T
tr
esc)dE/Nacc. In
what follows we will consider only the thick target case.
In summary, the above equations show that one can
determine the pitch angle and momentum diffusion co-
efficients in the acceleration region directly from mea-
surements of the particle spectra in the acceleration and
transport regions.
As mentioned at the outset, in [2] we have demon-
strated the power of the procedure in application to solar
flares. Here we explore the possibility of using the radia-
tive signatures of SNRs and observed spectra of CRes in
the interstellar medium (ISM) to determine the charac-
teristics of the acceleration mechanism in SNRs.
IV. APPLICATIONS TO SUPERNOVA
REMNANTS
It has been the common belief that SNRs are the source
of the observed CRs (at least up to the knee at ∼1015
eV) and recent high energy gamma-ray observations of
SNRs have enforced this belief considerably. If this is
true then we can get information on the two functions
required for our inversion process. The observed radia-
tive spectrum of SNRs from radio to gamma-rays gives
the spectrum of the the accelerated particles, Nacc(E),
and the observed spectrum of the CRs provides informa-
tion on the spectrum of accelerated particles escaping the
SNRs, Neff(E). Although in principle this information is
7available for both electrons and protons, there are only
some preliminary solid observations on the radiative sig-
nature of protons in SNRs. Therefore, in what follows
we will focus on the acceleration of electrons.
However, it should be emphasized that the situation
here is not as straightforward as in solar flares where
these two functions are determined simultaneously for in-
dividual flares. Here we need knowledge of the transport
to the Earth of the electrons escaping the SNRs, and a
more important complexity is that, many and a diverse
set of SNRs, resulting from explosions of different pro-
genitor stars in different environments, contribute to the
CRs in the ISM. We will address these complexities in
the following sections.
A. Spectrum of Accelerated Electrons in SNRs
Many SNRs are observed optically and at radio. The
radio radiation produced via the synchrotron mechanism
provides the original indication of presence of electrons
with energy E > GeV in a magnetic field of Bsnr ∼
10–20 µG.9 Several SNRs are detected at X-rays which
also are attributed to synchrotron radiation by more en-
ergetic electrons, perhaps in a stronger magnetic field.
Fermi and HESS have detected GeV and TeV gamma-
rays in several SNRs. In some cases, for example SNR
RXJ1713.7–3946, a pure leptonic scenario, whereby the
gamma-rays are produced by the synchrotron emitting
electrons via the inverse Compton (IC) scattering of cos-
mic microwave background (CMB) or other soft photons,
seems to work [24]. While in others, e.g., SNR Tycho [25],
the hadronic scenario, whereby the accelerated protons
are responsible for the gamma-rays, fits the data better.
In some others, e.g., SNR Vela Jr. [26], both models give
acceptable fits. In any case the radio and X-ray emission
gives information about the spectrum of the accelerated
electrons which is what we will be concerned with here.
We call this spectrum N snracc(E).
In the case of solar flares, where nonthermal electron
bremsstrahlung produces the hard X-ray radiation, one
can use regularized inversion procedures to determine the
spectrum of the radiating electrons non-parametrically
and directly from photon count spectra [1]. Unfortu-
nately this technique cannot be used for SNRs. There
has not been much effort in inverting synchrotron and
IC spectra to obtain electron spectra non-parametrically.
Some time ago, [27] addressed the inversion of syn-
chrotron spectra and recently [24] used a matrix inver-
sion method of [28] to invert the IC spectra and applied
it to SNR RXJ1713.7–3946. But, in general, most of the
information on N snracc is obtained by FF of the observed
9 Note that for extreme relativistic electrons of interest here the
terms (1 + γ−1), ξ¯, ξ′, ξ′′ appearing in the above equations are
equal to one.
photon spectra to parametric electron spectra, with the
result that the accelerated electron spectra (integrated
over the acceleration region of SNR) can be described
by a power low with a high energy exponential cut off
at energy Esnr. Here and in what follows we express all
particle energies in units of a fiducial energy E0, which
we set equal to 100 GeV for numerical purposes. Thus,
the spectrum of SNR can be written as
N snracc(E)dE = N
snr
0 f(E/E0)dE/E0, (25)
where
f(x) = x−α1 exp [−(x/xsnr)α2 + (1/xsnr)α2 ] , (26)
with x = E/E0 and xsnr = Esnr/E0. In most cases
α1 ∼ 2, α2 ∼ 0.5 and Esnr ∼ 6 TeV provide good fits
down to energies of ∼ 2
√
Bsnr/15 µG GeV, e.g., [24, 29].
Note that as defined above f(1) = 1, and N snr0 is a di-
mensionless quantity.
The analyses that lead to the above spectra also indi-
cate presence of sufficiently strong magnetic field (Bsnr ≥
15 µG) that can come about from amplification of the
weaker ISM field (∼ 1 µG) by the supernova driven for-
ward shock. In this case synchrotron losses dominate over
IC losses and the radiative loss time in the acceleration
site required for our procedure can be written as
τaccL = τ
acc
L,0E0/E, (27)
where
τaccL,0 ≡
(
6πmec
σT
)(
mec
2
E0
)
B−2snr
= 0.54× 106
(
100 GeV
E0
)(
15 µG
Bsnr
)2
yr, (28)
and σT is the Thomson cross section.
As mentioned above, however, supernova explosions
and SNRs may have a broad range of characteristics
and parameters of acceleration. In which case the av-
erage SNR spectrum contributing to the CRes would de-
pend on the distribution of the spectral parameters, say
Φ(αi, Esnr), where αi stands for α1 and α2. In this case
the average spectral shape
〈f(x)〉 =
∫ ∫
f(αi, Esnr;x)Φ(αi, Esnr)dαidEsnr (29)
will depend on the shape of the distribution Φ. As we will
see below only the value of α1 will be important. This
is related to the power-law indicies of the observed ra-
dio spectra which shows a small dispersion (see [30]). In
addition, as is well known from general theoretical con-
siderations ([31–34]), the power-law index of accelerated
particle spectra are insensitive to shock characteristics
(e.g. compression ratio) for high Mach number shocks,
such as those expected from stellar explosion in the cold
ISM. Thus, the spectral shape given in Eq. (26) seems
to be a reasonable approximation. It should be noted
8though that explosions and environments of the upper
end main sequence stars are considerably different than
those of lower mass stars (see e.g. [35, 36]) and could pos-
sibly yield different accelerated spectra. Unfortunately
there are no observations of remnants of such stars. This
is mainly because they are rarer, which would also mean
they contribute less to CRs. In addition, explosions into
a hot stellar wind environment may lead to a lower Mach
number shock and a weaker accelerator. On the other
hand, being more powerful explosions could have an op-
posite effect, which would enhance their contribution.
In the absence of observational evidence about the dis-
tribution of characteristics of stellar explosions and SNR
spectra, in what follows we will use the spectral form
given in Eq. (26) for the accelerated spectrum Nacc(E),
with the cautionary remark that the above unknown may
introduce a significant uncertainty in our final results.
B. Spectrum and Propagation of CR Electrons
As mentioned above, it is widely believed that SNRs
are the source of all CRs, and we will assume this to be
the case for CRes. Therefore, the spectra of CRs are
related to those of the particles emitting the SNR radi-
ation via the escape time from the SNRs. The escaping
particles interact with the galactic background matter
and electromagnetic fields producing the galactic diffuse
emission from radio to high energy gamma-rays. These
interactions and other processes modify the escaping par-
ticle spectra during their transport to where they radiate
and to near the Earth where they are observed directly.
Therefore, CRs are expected to have different spectra
than SNRs with the difference being partially due to the
energy dependence of the escape time and partially due
to energy losses during their transport in the galaxy. Ob-
servations witness these differences. For example, radio
spectra of SNRs are flatter than those of diffuse radio
emission in the ISM, and the measured CRe spectrum
JCRe (E) is different than that given in Eq. (25). The
spectral flux of CRes has been measured by many in-
struments with varied results. But most recent measure-
ments by Fermi, HESS and PAMELA have produced a
very precise spectrum shown in Figure 2. As discussed
extensively in the literature these spectra show a well de-
fined deviation from pure power law above 10 GeV and
HESS observations provide a clear evidence of a high en-
ergy roll over.
There has been multiple analyses of this data. Many
of these use GALPROP [40] or other similar numerical
schemes (e.g., Dragon) to account for transport effects
in the galaxy assuming values for background particle
and soft photon densities, large scale magnetic field and
a spectrum electromagnetic field fluctuations.. This is
usually carried out by fitting the observed CRe data to
some parametric form of the spectrum of the total elec-
trons injected throughout the galaxy, which is our function
Q˙trinj (Eq. 17). The results usually consist of a primary
FIG. 2: Spectrum of CRes multiplied byE3 (dots) as observed
by PAMELA (3 lowest energies), HESS (5 highest energies)
and Fermi (from [37–39]), respectively. The solid-green curve
gives an approximate fit to the observations with its loga-
rithmic derivative shown by the dotted-green curve. We also
present a sample variation of h(E/E0) (from [23]), the en-
ergy loss time (multiplied by E; solid-red) and its logarith-
mic derivative (dotted-red) showing the transition due to the
Klein-Nishina effect (see Eq. 32). The dotted-blue curve gives
ηeff defined in Eq. (20) and used in Eq. (49).
power law component with index s and a high energy
exponential cutoff10 at ECRe so that we have
Q˙trinj(E)dE = Q˙
tr
inj,0g(E/E0)dE/E0, (30)
where
g(x) = x−se−(x−1)/xCRe with xCRe = ECRe/E0. (31)
Here Q˙trinj,0 is in units of electrons per unit time and
g(1) = 1.
Different analyses give different explanations for the
prominent bump seen around 100 GeV. For example, [39]
attribute this bump to a flux of electrons (plus positrons)
coming from a nearby pulsar yielding s = 2.7 and ECRe ∼
2 TeV. [41] explain the bump with yet another spectral
break, a slight flattening above 50 GeV and similar values
for the other parameters. [42], using the spectrum of
diffuse galactic radio emission, obtain s ∼ 2.5 but do
not have the spectral resolution to see the bump around
10 There is also indication of spectral flattening below 4 GeV. Be-
cause of uncertainties due to solar modulation of CRs at such
low energies, we will limit our analysis to energy above 4 GeV.
9100 GeV nor do they see the TeV cutoff. We can use
the above expression in Eqs. (17) and (19) to obtain the
acceleration characteristics. As described below this will
be one of the two methods we will use, with s = 2.6 and
ECRe ∼ 2 TeV.
An alternative and simpler explanation of the bump
in the CRe spectrum was given in [23] (see also [43]),
who show that the energy dependence of radiative losses
due to combined synchrotron and IC scattering (by star
light, infrared and CMB photons) can account for this
deviation. This is because at low energies star light is
the dominant agent of loss, but at higher energies IC
scattering by star light enters the Klein-Nishina (KN for
short) regime which suppresses these losses and there is
a transition to IC losses to infrared and CMB photons
(which are still in the Thomson regime up to energies of
a few TeV) and/or synchrotron losses (depending on the
value of the magnetic field). For typical values of the rel-
evant quantities in the solar neighborhood this transition
occurs near the bump seen in the CRe spectrum. This
means that in this case the radiative loss time that enters
Eq. (20) does not have the simple Thomson regime form
τL ∝ E, but involves an additional function h(E/E0)
that slowly varies with energy in the range from 1 GeV
to 1 TeV shown in Figure 2 (taken from Fig. 1 of [23]).11
The energy loss time in the transport region can then be
written as
τ trL = τ
tr
L,0(E0/E)h(E/E0), (32)
where
τ trL,0 ≡
(
6πmec
σT
)(
mec
2
E0
)
B−2eff . (33)
Here Beff =
√
8πutot ∼ 7 µG in the solar neighborhood,
where utot is the energy density of all soft photons plus
the magnetic field.12 In this case the observed CRe flux
spectrum JCRe gives directly the effective spectrum as
Neff(E)dE = 4πVCReJ
CR
e (E)dE/c
≡ NCR0 j(E/E0)dE/E0, (34)
where VCRe is the volume of the galaxy filled with CRes,
j(1) = 1, and NCR0 = 4πVCRJ
CR
e (E0)/c is the (dimen-
sionless) effective total electron number at E0. As de-
scribed below we will use the above two equation, with
the exact observed spectrum for JCRe (E), as a second
method. It should be noted that here, unlike in the pre-
vious method, which assumes presence of nearby pulsar,
we assume the solar neighborhood is a typical location in
the galaxy, e.g. does not contain an unusual large scale
fluctuation in density, B field or turbulence (see also the
discussion below).
11 The initial rise at the lowest energies is due to contribution from
Coulomb collisional losses.
12 The spectrum of injected electrons (i.e. Q˙trinj) required in this
scenario is a power law with spectral index s = 2.42 with cutoff
at ECRe = 2.75 TeV.
C. The Two Methods in Practice
We have described two possible methods for inversion
of observations to obtain acceleration mechanism charac-
teristics in SNRs. In what follows we discuss how these
methods work in practice.
The SNR spectrum N snracc(E), and either the deduced
injected CRe spectrum Q˙trinj or the observed CRe spec-
trum JCRe (E) provide the energy dependence of the two
functions N(E) andNeff(E) that we need for our analysis
but not their normalization which is required for deter-
mining their ratio. We have already discussed the uncer-
tainty in the spectrum N snracc(E) above. Here we describe
the uncertainty in the normalizations. This normaliza-
tion depends not only on N snr0 , Q˙
tr
inj,0 and N
CR
0 , but also
on the rate of SNR formation per unit volume n˙snr(r, t).
Given this rate we can determine the averaged density of
accelerated electrons in the galaxy and the rate of injec-
tion of electrons per unit volume in the ISM as
nacc(E, t) ≡ Nacc(E, t)/Vsnr
=
1
Vsnr
∫
Vsnr
d3r
∫ t
0
n˙snr(r, tb)N
snr
acc (E, r, t− tb)dtb,
(35)
and
q˙trinj(E, t) ≡ Q˙trinj(E, t)/VCRe
=
1
VCRe
∫
Vsnr
d3r
∫ t
0
n˙snr(r, tb)
N snracc(E, r, t− tb)
T accesc (E, r, t− tb)
dtb,
(36)
where tb is the birth time of SNRs, and Vsnr, the volume
of the galaxy enclosing all SNRs is expected to be or less
than VCRe. However this difference does not affect our
results.
In general, the integrands vary in time and space, but
because the active age of a SNR, τsnr, is much shorter
than other ages, in particular the age of the galaxy, only
the SNR formation rate averaged over the past τsnr years
enters these equations.13 Moreover, because electrons
in several GeV to TeV range lose their energy quickly,
only the quantities within the finite volume of radius
R ∼ √3τ trL /τ trscλtrsc ∼ 1 kpc around the solar neighbor-
hood are relevant (here λtrsc = vτ
tr
sc ∼ 2 pc at 100 GeV
is the scattering mean free path of CRes in the ISM).14
Then the injection rate is determined by the value of the
integrand of the above equations averaged over a small
volume and short time t0 − τsnr < t < t0 or nearly for
13 This would be more obvious if one changed the integration vari-
able to t′ = t− tb.
14 One can also show that R/Ltr ∼
√
τ trL /T
tr
esc ≪ 1, where L
tr is
the size of the transport region, in this case the thickness of the
galactic disk as defined by SNRs or CRs.
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t ≃ t0, the current age of the galaxy.15 Thus, we can
write
Nacc(E, t0) = Nacc,0f(E/E0)/E0, (37)
where
Nacc,0 ≡ N snr0 [Vsnrn˙snr(t0)τsnr], (38)
and
Q˙trinj(E, t0) = Nacc(E, t0)/T
acc
esc (E, t0). (39)
In what follows we suppress the time t0.
These results assume that f(E/E0) is the electron
spectrum integrated or averaged over the active life of
the SNRs. And as stressed above, because the num-
ber of accelerated electrons may vary from SNR to
SNR, the normalization constants also stand for averaged
quantities. For example, given the distribution func-
tion Ψ˙(N snr) the integrand in Eq. (35) is n˙snrN
snr =∫∞
0 N
snrΨ˙(N snr)dN snr.
Method A: In this method we use the deduced in-
jected spectrum as given by Eq. (30). Equating this
observed spectrum to that in Eq. (39) we obtain the
escape time (from SNRs) as
T accesc (E) = Tesc,0[f(E/E0)/g(E/E0)], (40)
with
Tesc,0 = Nacc,0/Q˙
tr
inj,0, (41)
and the effective spectrum as
Neff = (τ
tr
L /E)Q˙
tr
inj,0
∫ ∞
E
g(E/E0)dE/E0
= (τ trL /E0)Q˙
tr
inj,0g˜(E/E0). (42)
Here we have defined g˜(x) =
∫∞
x
g(x′)dx′]/x = g(x)/ηg,
where ηg ∼ (x/xCRe + s − 0.5). As shown in Eqs. (21)
and (22) the diffusion coefficient and effective accelera-
tion time depend only on the following combination of
terms
Neff
τ trL Nacc
=
1
Tesc,0
g(E/E0)
ηgf(E/E0)
, (43)
and, in particular, the effective acceleration time is ob-
tained as
τac,eff(E) = τ
acc
L
[
1 +
τaccL
Tesc,0
g(E/E0)
ηgf(E/E0)
]−1
. (44)
15 Note that this also implies that only a small number of SNRs
contribute to the observed CRs indicating that the contribution
of rarer more massive explosion is less important.
We can lump all the unknown and poorly known factors
that enter in these equations into a single parameter
Ra = Tesc,0
τaccL,0
=
N snr0 [Vsnrn˙snr(t0)τsnr]
τaccL,0 Q˙
tr
inj,0
, (45)
which then gives
T accesc (E) = τ
acc
L,0
[
Ra f(E/E0)
g(E/E0)
]
η−1eff , (46)
and
τac,eff = τ
acc
L,0
[
E
E0
+R−1a
g(E/E0)
ηgf(E/E0)
]−1
. (47)
Thus, both timescales T accesc (E) and τac,eff(E) can be ex-
pressed in units of τaccL,0 (which depends only on the aver-
age magnetic field in the acceleration region), and their
values and the energy dependence of τac,eff(E) vary with
the value of the parameter Ra. Note that in this method
the (more uncertain) energy loss rate in the ISM does not
enter into these results. Its effect is included in deducing
the injected spectrum from the observed CRe spectrum.
In other words, given the magnetic field in the SNR ac-
celeration region around the shock the spectra depend
only on Ra (or Tesc,0), which involves the properties of
the SNRs and the normalization of the deduced injected
electrons.
Method B: Alternatively, as mentioned above, we can
get the effective spectrum directly from the observed CRe
spectrum as Neff = N
CR
0 j(E/E0)/E0, in which case in-
stead of Eq. (43) we have
Neff
Nacc
=
NCR0
Nacc,0
j(E/E0)
f(E/E0)
, (48)
which when substituted into Eqs. (20) and (22) gives the
unknown escape and effective acceleration times as
Tesc =
τaccL,0
ηeff
[
Rb f(E/E0)h(E/E0)
(E/E0)j(E/E0)
]
ηeff , (49)
with
ηeff = −d ln j/d lnE + d lnh/d lnE − 2, (50)
and
τac,eff = τ
acc
L,0
[
E
E0
+R−1b
(E/E0)j(E/E0)
h(E/E0)f(E/E0)
]−1
, (51)
where we have defined
Rb ≡
τ trL,0Nacc,0
τaccL,0N
CR
0
=
Vsnr[N
snr
0 n˙snr(t0)τsnr]
NCR0
(
Bsnr
Beff
)2
.
(52)
These are very similar to the expressions from Method
A but are more directly related to the observations and
now the energy loss time in the galaxy comes into play.
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FIG. 3: Escape, synchrotron loss and acceleration times in SNRs; black-solid escape, blue-dashed loss, red-dotted assuming
pure shock acceleration (τac,sh = τeff) and green-short dashed assuming pure SA (τac,SA = τeffηacc). All times plotted for three
values of Ra, defined in Eq. (45), are in units of synchrotron energy loss time at 100 GeV in the acceleration region of the
SNR; τ accL,0 ∼ 0.5 × 10
6 yr. Left: Based on Method A. Right: Based on Method B.
Thus, in either method we can combine several poorly
understood parameters into essentially one unknown;
namely the constant coefficient Ra or Rb. The latter
fixes the normalization of the ratio of the effective to ac-
celerated spectra and determines the relative importance
of the two terms that appear in the expressions for τac,eff
in Eq. (22).
D. Results
As mentioned above there is uncertainty associated
with values of the spectral indicies and energy cutoffs. In
what follows we will set α1 = 2, α2 = 0.6, s = 2, ECRe = 2
TeV and Esnr = 6 TeV but will comment on the effects of
the uncertainties after presenting the results. Thus, the
remaining unknown is the dimensionless factors Ra and
Rb. Before proceeding further we need to estimate their
values. Considering the relations between the injection
rate deduced from the observations and the observed CRe
spectrum, it is clear that NCRe0 ∼ τaccL,0 Q˙trinj,0 and that Ra
and Rb should have similar values. Below we estimate
their values based on Method B which is more closely
related to the observations.
There are reliable estimates for the values of the mag-
netic fields entering in the expression for Rb in Eq.
(52); as stated above Bsnr ∼ 15 µG and using the
starlight and infrared photon densities and magnetic
field values in the galaxy one gets Beff ∼ 7 µG e.g.,
[23]. Also using the observed CRe flux (see Fig. 2) of
E3JCRee (E)|E=100 GeV = 120 GeV2/(s sr m2), we get
NCRe0 = 5 × 10−18 cm−3 VCRe ∼ 3 × 1050, assuming
the poorly known volume of the galaxy that is filled with
CRes to be VCRe ∼ 6 × 1067 cm3. Even less well known
are the values of the terms in the square brackets in the
numerator of Eq. (52). The rate of occurrence of su-
pernovae is believed to be about several per century but
what fraction of these produce active (i.e. CR produc-
ing) remnants is not well known. Observations seem to
indicate a smaller rate n˙snr. The active age of SNRs is
estimated to be around 104 to 105 yr, which gives a rough
estimate of Vsnrn˙snrτsnr ∼ 100. The final factor namely
N snr0 can be estimated from the observed synchrotron and
X-ray radiation intensities of individual SNRs. For ex-
ample, SNR RXJ1713.7–3946 has an observed peak flux
(at X-rays) of νFν ∼ 600 eV/(s cm−2) and a low energy
spectrum Fν ∝ ν−0.5. Assuming a distance of 6 kpc,
we get a good estimate for the total energy of the syn-
chrotron radiation E˙syn ∼ 4× 1036 ergs/s. This is related
to the accelerated particle spectra as
E˙syn =
∫ ∞
0
N snracc(E)E˙syn(E)dE, (53)
where E˙syn = E
2/(τaccL,0E0) is the synchrotron energy loss
rate. For the assumed spectral parameters this gives
E˙syn = N snr0 Esnr/τaccL,0 or N snr0 = 6× 1048.
Putting all these together we get Rb ∼ 1. However
this is most likely an overestimation because we have
used the observations from a bright SNR. The number
of accelerated electrons for an average SNR (including
possibly a substantial population of weak and undetected
ones) would lower this value considerably. For example,
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using the general belief that supernovae inject 1051 ergs
into the ISM and that say 10 percent of this going to
CRs, with an electron share of one to two percent, we
get a number of accelerated electrons smaller by a factor
of 10, or N snr0 ∼ 1048 or Rb ∼ 0.1. Considering the
large uncertainties about all the above numbers, in what
follows we present results for three values of Ra = Rb =
1.0, 0.1 and 0.01 spanning a wide enough range to account
for all uncertainties.
Figure 3 shows variation with energy of all time scales
obtained by Method A (left) and Method B (right) nor-
malized to the value of synchrotron energy loss time at
100 GeV in the SNR (τacL,0 ∼ 0.5×106 yr). As evident the
two methods give very similar results but Method B re-
sults end where the observations of CRe spectra become
unreliable.
V. INTERPRETATION AND DISCUSSIONS
Let us first consider the escape time which is es-
sentially the ratio of the accelerated spectrum to ob-
served CRe spectrum multiplied by the loss time. At
energies below ECR = 2 TeV it is nearly a power law
with index ∼ (s − α1) = 0.7 in Method A and is
∼ (d ln j/d lnE+d lnh/d lnE)−(1+α1) ∼ 0.3 in Method
B, with difference primarily due to the KN effect. Tesc
starts to increase steeply at E > 1–2 TeV. This rise makes
the escape of high energy electrons from the SNRs more
difficult, and is the causes of the steep (exponential) de-
cline in the observed CRe spectrum.
The acceleration times for pure shock or pure SA
have similar energy dependences (with a factor of ηacc ∼
2 difference between them; with SA requiring a longer
time or a lower rate). At low energies these times are
dominated by the second term in Eqs. (44) and (51),
which makes them proportional to the escape time. Had
this trend continued to higher energies the acceleration
time would have exceeded the energy loss time which
would have caused a spectral cutoff when these times
would have been equal (e.g., at 0.1, 0.5, and 3 TeV for Rb
= 1.0, 0.1, and 0.01, respectively; and at smaller values
by a factor of about 2 for Method A). Since the deduced
SNR electron spectra are observed to cut off at higher
energies (6 TeV for RXJ 1713.7), the acceleration time
must decrease to remain below the energy loss time as
seen in both figures.16
As evident from the discussion in §II and III we can
also obtain the scattering time in the acceleration site.
For this purpose we need some information about the
background plasma in the acceleration site. The first is
16 Note that the definition of the SA time is not unique. As defined
here, the SA times can be longer than the loss time and still
give a power law spectrum because of the influence of the energy
diffusion term.
the size L of the region. We will use the fiducial value of
10 pc (to include the effects of the chaotic structure of the
large scale magnetic field; see Footnote 1) which gives us
a crossing time τcross ∼ 30 yr. We also need the shock,
Alfve´n and sound velocities. We shall assume a shock
velocity of 104 km/s or β2sh ∼ 10−3, and Alfve´n velocity of
100 km/s (for B ∼ 15 µG, n = 0.1 cm−3) or β2A ∼ 10−7,
so that the Alfve´n Mach numbers is very large as one
needs for efficient shock acceleration. For such such high
Mach numbers the compression ratio r = 4 and ζ = 1/4.
There are, however, two different ways of obtaining the
scattering time. The first way, which is common for both
shock or SA, comes from the relation between the escape
and scattering times, which if we assume a random walk
process of escape is described by Eq. (11) and involves
the crossing time. Given that Tesc > 10
3 yr ≫ τcross ∼
30 yr we obtain the first estimate for the scattering time
as:
τsc
[1] =
τ2cross
Tesc
∼ 0.025 yr
(
L
10 pc
)2(
4× 104 yr
Tesc
)
,
(54)
which as expected is much shorter than the crossing time.
Here and in what follows the numerical values are calcu-
lated for E = 100 GeV and R = 0.1.
The second method of determining τsc comes from the
relation between the acceleration and scattering times.
For pure shock acceleration τac,sh = τac,eff and as seen
in Eqs. (7) and (9) the energy dependence of the scat-
tering and acceleration times should be similar but their
relative value depends on the shock velocity, the factor ζ,
and for perpendicular shocks on η = κ‖/κ⊥. Neglecting
the latter for now we get
τsc
[2,sh] = ζ
(ush
c
)2
τac,sh ∼ 10 yr
(
β2sh
10−3
)(
τac,sh
4× 104 yr
)
,
(55)
which is about the crossing time and much larger than the
the first estimate of scattering time. It also has a different
energy dependence. As can be seen in Figure 4 (left), for
the spectral indexes (α1 = 2, s = 2.6) assumed above
the first estimate (black curves) decreases monotonically
with energy while the second (red curves) first increases
with energy and then declines at higher energies. The
difference in energy dependence at low energies comes
from the fact that here Tesc ∝ τac,eff [see Eqs. (46) and
(47)] making τsc
[2,sh] ∝ 1/τsc [1,sh](∝ Eα1−s, for Method
A). This difference will be less severe for a steeper SNR
electron spectra (i.e. for α1 closer to s), which is the case
in some SNRs. For example, in SNR S1993J with radio
spectral index of ∼ 0.8 one gets α1 ∼ 2.6 ([30]). As shown
in Figure 4 (right) using α1 = 2.6 we get similar energy
dependence for both estimates (and both methods).
However, as shown above the absolute values of the
scattering time deduced from the two curves are different
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FIG. 4: Scattering times obtained from the relation between escape and scattering times in Eq. 11 (black), and the relation
between the acceleration and scattering times; Eq. 7 for pure shock acceleration (red) and pure SA from the simple relationship
τsc
[2,SA] = τacc,SAβ
−2
A (green), valid for relativistic energies and Alfve´nic turbulence (cβA is the Alfve´n velocity). Solid and
dashed curves obtained using Methods A and B, respectively using R = 0.1 for both. Left: For spectral index α1 = 2.0.
Right: For spectral index α1 = 2.6.
by a large factor:
τsc
[2,sh]
τsc [1]
= 4000
(
β2sh
10−3
)(
10 pc
L
)2(
τshTesc
1.6× 109 yr2
)
.
(56)
Agreement can be obtained for a lower shock velocity
(∼ 150 km/s) and/or a larger crossing time (L ∼ 60 pc).
There is more uncertainty in the first of the above two
ways of computing the scattering time; for example, as
mentioned above and in Footnote 2, in a chaotic magnetic
field of scale λB ≪ L the effective crossing time will be
larger by L/λB, which will reduce the above discrepancy
by the square of this factor. Thus, for concordance we
require L2/λB ∼ 600 pc; (e.g., λB ∼ 0.01 pc for L = 2.5
pc). As mentioned in connection with Eq. (10), for a
perpendicular shock this ratio decreases by the factor η/2
expected to be much larger than one so that the required
conditions may not be as extreme.
More generally, the validity of the use of the random
walk relation between escape and scattering times may
also be questionable, so that these results may be telling
us that the relation of the escape time to the scattering
and crossing times is more complicated than given by
the random walk hypothesis. For example, in a near per-
pendicular shock, where particles spiral up and down the
surface of the shock and escape when they are scattered
perpendicular to the shock front, the escape time may
be proportional to the diffusion coefficient perpendicular
to the magnetic field giving τsc
[1] ∝ Tesc/η, which could
bring the shape and value of the first estimate closer to
that of the second estimate. To our knowledge there has
not been much discussion of this aspect of the problem
in the literature so that these possibilities require further
explorations, which are beyond the scope of this paper.
Stochastic acceleration by turbulence may be im-
portant or even dominant if there is weak or no turbu-
lence in the upstream region, conjectured to be gener-
ated by the accelerated particles. In this case most of
the acceleration may happen in the downstream turbu-
lent region with particle escaping into the ISM once they
cross the shock into the upstream region. However, this
mechanism also faces similar difficulties. Here the energy
dependence of the acceleration time τac,SA ∼ 2τac,eff (or
energy diffusion time) is related to the scattering time
via the relation between Dpp/p
2 and Dµµ. In most wave-
particle interaction scenarios these two coefficients have
fairly similar energy dependences especially at relativistic
energies. Electrons with energies above few GeV inter-
act mainly with Alfve´n or fast mode waves in which case
Dpp/p
2 = Dµµβ
2
A ∝ Eq−2 so that τac,SA ∝ p2/Dpp and
τsc,SA ∝ 1/Dµµ (see e.g. [7]). Thus, we have a second
estimate for scattering time for SA as well:
τsc
[2,SA] = τac,SAβ
2
A = 10
−2 yr
(
β2A
10−7
)(
τacc,eff
105 yr
)
.
(57)
As shown by the green lines in Figure 4, in this case also
the energy dependences of τsc
[1] and τsc
[2,SA] disagree at
low energies for α1 = 2 (left) but they roughly agree at
high energies, and, again, the agreement is improved for
α1 = 2.6 (right), where both times have almost a flat en-
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ergy dependence requiring a turbulence spectral index of
q = 2, which is somewhat greater than the Kolmogorov
index. Moreover, now the relative absolute values are in
better agreement for the assumed values of Alfve´n veloc-
ity of 100 km/s and effective size of L ∼ 10 pc.
VI. SUMMARY
We consider acceleration of particles in the frame-
work of the leaky box version of the Fokker-Planck ki-
netic equation, which provides an adequate description
of the pitch angle averaged and spatially integrated (over
the acceleration region) energy spectrum of the acceler-
ated particles. This equation describes SA by turbulence
and/or acceleration by a shock, where the leaky box en-
closes the upstream and downstream turbulent regions of
the shock. Turbulence plays a central role in both mech-
anisms, with the momentum diffusion coefficient Dpp de-
termining the rate of energy diffusion and acceleration in
the SA model, and with the pitch angle diffusion coef-
ficient Dµµ determining the spatial diffusion coefficient
κ ∼ v2/Dµµ, hence the rate of acceleration by the shock.
In addition, the energy loss rate, shock compression ratio
(or Mach number) and relative values of the spatial dif-
fusion coefficients parallel and perpendicular to the mag-
netic field, and in the upstream and downstream regions,
also come into play. In the leaky box scenario the coeffi-
cients Dpp and Dµµ are represented by the energy diffu-
sion coefficient DEE and the escape time Tesc of the par-
ticles from the acceleration site. Thus, if we can measure
the latter two coefficients we can determine the funda-
mental wave-particle interaction rates and shed light on
the nature of turbulence
•As demonstrated in [1], we can obtain the escape time
from the measured spectrum of the accelerated particle
N(E) and that of the escaping particles N(E)/Tesc(E).
We further demonstrate (see [2]) that with the inver-
sion of the differential kinetic equation into its integral
form, we can obtain the energy diffusion coefficient non-
parametrically and directly from observations of the two
spectra and the energy loss rate of the particles in the
acceleration region.
• We also show that the relations between the two
unknowns and observables simplifies considerably if the
escaping particles lose all their energy in the transport
region outside the acceleration site.
• We demonstrate how this procedure can give us the
two unknown characteristics of the acceleration mech-
anism in SNRs using the spectrum of the accelerated
electrons deduced from radio, X-ray and gamma-ray ob-
servations of the SNRs and the observed galactic CRe
spectrum.
• Expressing all the coefficients or rates in terms of
their associated timescales (e.g., acceleration and scat-
tering times), we show that the unknown time scales
can be expressed in units of the relatively well known
synchrotron energy loss time in the SNR and a single
parameter which is a combination of various observable
scaling factors, such as rate of formation and length of
active period of SNRs and other secondary factors.
•We employ two different methods of treatment of the
observations and show the deduced energy dependence of
escape and acceleration times for some reasonable value
of the parameters, which in principle can be known given
sufficient detailed observations. In Method A we use
the spectrum of injected electrons into the ISM deduced
from the observed CRe spectrum (e.g., using GALPROP
or other similar models for transport of electrons in the
ISM). In Method B we use the observed CRe spectrum
directly using a simplified transport dominated and IC
losses by starlight which is affected by the KN effects as
described in [23].
• For interpretation of the results, we show that we
can obtain scattering time (τsc ∼ 1/Dµµ) of particles in
the acceleration region using two different relations be-
tween it and the above timescales. The first is from its
relation to the escape time, which is mediated by the
crossing time (τcross = L/c) as τsc = τ
2
cross/Tesc assum-
ing a random walk situation when Tesc ≫ τsc . The sec-
ond is from its relation to the acceleration times. For
shock acceleration scattering and acceleration times are
proportional to each other with proportionality constant
being (ush/v)
2 (plus factors ζ and η). For pure SA of
greater than few GeV electrons by Alfve´n or fast mode
waves there is a similar relation but with proportionality
constant of (vA/v)
2.
•We find that, for the values of the parameters used in
our calculation (specifically the spectral index α1 = 2.0),
the two estimates of the scattering time give very dif-
ferent energy dependences for the scattering time. This
discrepancy largely disappears for α1 = 2.6. Given the
caveats stressed in our discussion this is not an unlikely
resolution of the problem.
• Assuming presence of a sufficient intensity of tur-
bulence both in the upstream and downstream regions
of the shock, we expect the acceleration in SNRs to be
dominated by the shock, because of the prevailing high
Mach numbers. However, for this scenario we find that
the absolute values obtained by the two relations are dif-
ferent by a factor of about 1000 for our fiducial values of
104 km/s for shock velocity and L = 10 pc for size. This
discrepancy will be smaller for a perpendicular shock.
This lead us to our first conclusion that, in addition to
a steeper spectrum for accelerated electrons, either these
values are off by an order of magnitude, or that the escape
time is not related to the crossing time in the simple way
one obtains from the random walk scenario. The latter
is an important result and needs further exploration.
• On the other hand, in absence of a sufficient intensity
of turbulence in the upstream region, whose presence is
only conjectured and not established definitely yet, one
can have a pure SA of particles in the turbulent down-
stream region. It turns out that in this scenario the ab-
solute values of the two scattering times roughly agree.
This, lead us to the second conclusion that in the SA sce-
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nario having a steeper accelerated electron spectrum is
sufficient and it requires a spectrum of turbulence that is
slightly steeper than Kolmogorov.
These are clearly preliminary results, but they demon-
strate the power of the inversion method developed here.
A more detailed analysis of the existing data on emis-
sion from SNRs and transport of the CRes can provide
better values and forms for the observables required for
the inversion, and a more detailed analysis of the inver-
sion, e.g., including time dependence, can constrain the
models further. These will be addressed in future pub-
lications. But we can conclude that the above results
indicate that either the spectrum of injected electrons in
the ISM deduced from CRe and galactic diffuse emissions
(Eq. 30) is incorrect and/or the simple relation between
escape and scattering times used assuming the random
walk scenario is incorrect. The latter is more likely to be
the case and is similar to the conclusion we reached ap-
plying these techniques to solar flares. There mirroring
of electrons in a converging magnetic field configuration
was invoked to resolve a similar discrepancy. Perhaps
a complex large scale field geometry can help in SNRs
as well. On the other hand, more consistent results are
obtained for a pure stochastic acceleration scenario.
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